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Abstract. A thermoelastoviscoplastic material theory is formulatedbased on an enhanced
rheological model, which contains new defined basics elements besides spring, dashpot and
friction element to describe nonlinear hardening with recovery as well as damage effects. For
this purpose, a novel procedure is presented to deduce the elastoviscoplastic material equations
from rheological networks including the yield condition and the flow rule. Moreover, the con-
cept of rheological modeling is enhanced for damage representation. The proposed material
model captures the thermal dependency in the large range from room temperature nearly up to
the melting point and accounts for nonlinear isotropic and kinematic hardening with static re-
covery, strain rate sensitivity and damage evolution as well as a thermomechanically consistent
treatment of dissipative heating due to plastic deformations and damage mechanisms.
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1 Introduction

Innovative forming technologies of metallic materials make use of inhomogeneous temper-
ature distribution, e.g. in the case of the simultaneous hot/cold forging (figure 1), where hot
and cold forming are applied locally to the workpiece in one single process step [24]. Hence,
the very strong temperature dependency of metals can be advantageously used to archive high
degrees of deformation at lower forming forces in heated parts of the workpiece, respectively,
strain hardening and less thermally induced distortion in the cold formed areas. The related tem-
perature in the workpiece of such forming technologies ranges from room temperature nearly
up to the melting point of the material.

Figure 1: Simultaneous hot/cold forging process [24]

From the viewpoint of numerical simulations of such formingprocesses [21], a huge chal-
lenge lies in an sufficiently accurate description of the temperature dependent material behavior
within the total relevant temperature range. That means especially nonlinear strain hardening,
strain rate sensitivity, thermal softening and recovery processes as well as potentially the de-
tection and evolution of damage processes must be accountedfor in a temperature dependent
way. However, state of art models of thermoviscoplasticitye.g. [4, 11, 1, 19] are inapplicable
for such large temperature domains.

In the paper, a thermoelastoviscoplastic material theory is proposed by means of rheological
models for applications in simultaneous hot/cold forming processes of steels — see also [20].
In the concept of rheological models, basic elements like springs (ideal elastic), dashpots (ideal
viscous) or friction elements (ideal plastic) are assembled to networks for representing complex
material behavior [23, 14]. In case of viscoelasticity — seefigure 2 (left), the phenomeno-
logical constitutive equations are usually deduced directly from the spring–dashpot–networks
[14, 10], but in the elastoplastic material theory, the rheological networks are mostly used only
to visualize the fundamental structure of the related material model — see 2 (right).

Therefore, a novel proceeding is proposed, similar as in viscoelasticity, to deduce the elasto-
viscoplastic material equations based on rheological networks including the yield condition and
the flow rule [2, 3]. Moreover, damage representation is formally introduced for the concept
of rheological models by simply inserting the relation between effective (undamaged) and true
stress into the balance equation of stresses of the rheological network.

Afterwards, the phenomenological material model for simultaneous hot/cold forming is for-
mulated based on an enhanced rheological network, which contains new basics elements be-
sides spring, dashpot and friction element to describe nonlinear hardening with recovery and,
furthermore, it accounts for damage evolution as well. In the framework of continuum me-
chanics and thermomechanically consistent material modelling, the constitutive equations of
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Figure 2: Typical rheological networks of viscoelasticity(left) and elastoviscoplasticity (right)

the material theory are extensively deduced from the rheological network and, finally, result in
a similar manner as in the concept of effective stresses of continuum damage mechanics [16].
The proposed material model is based on internal variables of stress and strain type, which are
controlled by means of evolution equations. The model accounts for nonlinear isotropic and
kinematic hardening with static recovery, strain rate sensitivity as well as damage evolution and
captures the thermal dependency in the large range from roomtemperature nearly up to the
melting point. Furthermore, a thermomechanically consistent treatment of dissipative heating
due to plastic deformations and damage mechanisms is applied. The constitutive model is given
in a one–dimensional formulation only. However, the generalisation for the 3D–applications is
obtained straight forward and will be presented in a forthcoming publication.

In section 2, a thermoviscoplastic rheological model is assembled, which account for linear
isotropic and kinematic hardening as well as nonlinear strain rate sensitivity, and its constitutive
equations are deduced from the relations of the network and the related definitions of the basic
elements. In the next section, this rheological model is successively enhanced for damage
representation. In section 4, the material theory is proposed based on an enhanced rheological
model for highly non–isothermal application in a large temperature range, which accounts for
nonlinear hardening with static recovery as well as nonlinear rate dependency. Finally, damage
evolution is added for this complex thermoviscoplastic material model.

2 Thermoviscoplastic rheological model and its constitutive equations

Figure 3 presents the rheological model of thermoviscoplasticity with linear isotropic and
kinematic hardening and nonlinear strain rate sensitivity[2]. Its thermoelastic contribution
comprises a series connection of a thermal strain element (with thermal expansion coefficient
α) on the left hand side and a linear spring (stiffnessE) in the middle of the network. The
viscoplastic part on the right hand side of the rheological model, however, consists of four
chains arranged in parallel, each one representing a specific phenomenon of the entire elasto-
viscoplastic material response. The nonlinear dashpot (parameters{η,m, d0} > 0) on top of
the viscoplastic contribution is necessary to include nonlinear rate dependency. The friction
body below is placed to account for the initial yield limitκ0. Next, the new defined hardening
element with the stiffnessEκ is used to model isotropic hardening. Finally, the linear spring
(stiffnessEξ) at the bottom of the viscoplastic arrangement represents kinematic hardening.
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Figure 3: Rheological model of thermoviscoplasticity withlinear hardening, related stress / strain decomposition

2.1 Stresses of basic elements

Thermal strain element and elastic spring:The thermal strain element responds like a rigid
body to every mechanical loading due to external forces or displacements. The total stressσ
results from the linear spring in the thermoelastic contribution of the rheological model as

σ = Eεel . (1)

Nonlinear dashpot:The stressση of the nonlinear dashpot is defined as a nonlinear function of
viscoplastic strain ratėεvp according to

ση := |ση| sgn(ε̇vp) , |ση| := (η |ε̇vp|)
1/m d0 , (2)

in which sgn(x) denotes the signum function ofx.

Friction body: If the friction body is strained, then its stressσκ0
is equal to the product of the

initial yield limit κ0 times the loading directionsgn
(
ε̇vp

)
. However, if the absolute value of the

stress|σκ0
| is less than the yield limitκ0, no strains evolve in this element:

σκ0
:= κ0 sgn

(
ε̇vp

)
for ε̇vp 6= 0 (3)

|σκ0
| < κ0 for ε̇vp = 0 (4)

Hardening element:The novel rheological body for representing isotropic hardening has to
respond every strain process with an increasing resistance. Thus, with the definition of the
arclength̄a of the straina as the functional

ā :=

∫ t

0

|ȧ| dτ , ˙̄a = |ȧ| , (5)

the strengthκ of the hardening element is specified as the product of the stiffnessEκ times
the arclength̄εvp of the strain in this component, i.e. the internal stress variableκ of isotropic
hardening readsκ := Eκε̄vp. Moreover, during the loading process, the algebraic sign of the
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stressσκ must be equal to the loading direction of the element:sgn(σκ) = sgn
(
ε̇vp

)
. Hence,

similar stress relations as in eqs. (3) and (4) are obtained for the hardening body:

σκ := Eκ ε̄vp sgn
(
ε̇vp

)
= κ sgn

(
ε̇vp

)
for ε̇vp 6= 0 (6)

|σκ| < Eκ ε̄vp = κ for ε̇vp = 0 (7)

The stored energy of the hardening element results as the time integral of its stress power:

ρψκ =

∫ t

0

σκ ε̇vp dτ =
1

2
Eκε̄

2
vp . (8)

Spring of kinematic hardening:The stressσξ of the linear spring in the viscoplastic arrangement
— eq. (9) — is identical to the internal stress of kinematic hardeningξ:

σξ = Eξεvp =: ξ (9)

2.2 Kinematics and decomposition of total stress

The kinematics of the material model is directly obtained from the rheological network as an
additive split of the total strainε into the thermal, elastic and viscoplastic contribution:

ε = εth + εel + εvp (10)

The fraction of the thermal strain element is defined as

εth := α(θ − θ0) (11)

Moreover, an additive decomposition of the total stressσ follows from the rheological model:

σ = ση + σκ0
+ σκ + σξ (12)

2.3 Yield function and flow rule

Inserting the stress relations (2)1, (3), (6) and (9) into the balance equation of stresses, given
in (12), yields:

σ = |ση| sgn(ε̇vp) + κ0 sgn(ε̇vp) + κ sgn(ε̇vp) + ξ (13)

It is assumed temporarily for eq. (13) that the stress relations (3) and (6) of the friction and
the hardening body are valid in any case, which is equivalentto the tentative hypothesis:Only
elastoplastic states are possible in the rheological network, i.e. no purely elastic domain exists
and ε̇vp 6= 0 holds for any time. However, this assumption causes a mathematical contradiction
as soon as purely elastic behavior occurs, in whichε̇vp ≡ 0 is certainly valid. In this manner, in
the course of the rearrangements (14) and (15), the condition arises to distinguish between the
elastic and the plastic state of the model.

Rewriting of (13) leads to

σ − ξ = |σ − ξ| sgn(σ − ξ) =
(
|ση| + κ0 + κ

)
sgn(ε̇vp) . (14)

Eq. (14) is split up into the absolute value|σ − ξ| = |ση| + κ0 + κ and the algebraic sign
sgn(ε̇vp) = sgn(σ − ξ), which directly gives the development direction of the viscoplastic strain
rateε̇vp. The former relation is rearranged with (2)2 as:

(η |ε̇vp|)
1/m d0 = |ση| = |σ − ξ| − (κ0 + κ) =: f (15)
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The left hand side of eq. (15) is strictly positive — cf. (2)2. However, dependent on the actual
state of the total and the internal stress variablesσ, ξ, κ andκ0, the functionf can have negative
values as well. The mathematical contradiction in (15) in the case off < 0 results as expected in
consequence of the hypothesis made previously thatexclusively a elastoplastic behavior would
exist. This means, however, forf < 0, no plastic loading is possible in the rheological model
— instead, a purely elastic step takes place and the stress relations (4) and (7) of the friction
and the hardening body are valid in lieu of eqs. (3) and (6).

Thus, the well–known yield function

f = |σ − ξ| − (κ0 + κ) (16)

with the case distinction

f =

{
≤ 0 elastic domain
> 0 viscoplastic domain

(17)

arises in a natural way from the balance of stresses (13) of the rheological network.
Moreover, eq. (15) provides the constitutive relation for the absolute value of the viscoplastic

strain rate

|ε̇vp| =
1

η
(f/d0)

m . (18)

Hence, the flow rule of the viscoplastic strainεvp results from eqs. (14) and (18) as:

ε̇vp = |ε̇vp| sgn(ε̇vp) = 1/η 〈f/d0〉
m sgn(σ − ξ) (19)

To ensurėεvp = 0 in (19) during the elastic stepf < 0, the Macauley–bracket〈x〉 := (x+|x|)/2
is inserted for the termf/d0.

2.4 Free energy, equation of heat conduction and mechanicaldissipation

The free energyψ of the rheological model is summed up from all contributionsof the ideal
bodies with energy storage, namely from the thermal strain elementψth, both linear springsψel

andψξ as well as the hardening componentψκ, and reads

ψ = ψth + ψel + ψκ + ψξ

= −
cd
2θ0

(θ − θ0)
2 +

1

2ρ

(
Eε2

el + Eκε̄
2
vp + Eξε

2
vp

)
(20)

= ψ̂(εel, ε̄vp, εvp, θ) .

Thus, the equation of heat conduction results as — cf. [20, 3,10]:

cd θ̇ = −
1

ρ
Eα θε̇el +

1

ρ
k div(grad θ) + b+ δM (21)

with the mechanical dissipation powerδM, driven by plastic deformations:

δM =
1

ρ
(f + κ0) |ε̇vp| ≥ 0 (22)

The summands of the mechanical dissipation (22) correspondto the fractions of the stress
power, applied to the dashpot and the friction body, respectively.
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3 Enhancement of rheological models for damage representation

In continuum damage mechanics, the concept of effective stresses has been established to
account for damage evolution in the material [16, 18]. The underlying idea of this concept
goes back to the basical work of Kachanov [12] — see also [13],who introduced a scalar
internal variable for the description of damage processes,and has been advanced by Rabotnov
[22] and Lemaitre [17]. Furthermore, in the framework of thethermodynamics of irreversible
processes, a systematical approach for damage mechanics has been developed by the research
group of Chaboche and Lemaitre [5, 6, 16]. However, in contrast to the well–known approach
of Lemaitre and Chaboche, it is assumed in recent publications e.g. [15, 8] that both, the
elastic as well as the viscoplastic contribution of the freeenergy are effected by damage. In
consequence of this assumption, the total free energy is released and dissipated as heat during
damage evolution instead of its elastic fraction only.

Moreover, Krawietz [14] has given a first proposal to includedamage evolution due to creep
fracture in the context of rheological models by means of a kind of a modified Maxwell element.
This rheological body consists of a linear spring, connected in series to a parallel arrangement
of several identical dashpots. In the course of creeping, one by one of the dashpots subsequently
fails. Thus, the ratio of all failed dashpots divided by their total number in the network char-
acterises the current state of damage of the model. Hence, the resulting forces, acting in the
remaining dashpot elements, increase more and more with every failed dashpot, which causes a
growing creep velocity of the model until the total fracturefinally occurs.

However, compared to both procedures mentioned, a slightlydifferent proceeding is pro-
posed in this section to enhance the concept of rheological models for damage evolution, which,
however, is related to the idea of Krawietz and results in theconcept of effective stresses slightly
modified compared to [16, 18]. Subsequently, only the well–known relation between the effec-
tive stressσ of the effective (undamaged) material and the actual true stressσa in the damaged
state according to

σa := (1 −D) σ ⇔ σ =
σa

1 −D
(23)

is formally introduced into the rheological networks, withits internal damage variableD with
the range of values fromD = 0 (undamaged state) toD = 1 (total fracture), which is controlled
by a closed form damage criterion or an evolution equation, respectively. Hence, simple rear-
rangements of the constitutive equations of the undamaged model provide the relations for the
associated rheological network with damage representation. In the first step, an elastic spring is
considered only and, afterwards, the thermoviscoplastic rheological network from section 2 is
handled in the same manner.

3.1 Elastic spring with damage representation

The relation between effective and actual stress accordingto eq. (23)2 is inserted into the
defining equation of the stress in the linear spring (figure 4,left), which leads to

σ =
σa

1 −D
= Eε . (24)

Rewriting of eq. (24) by means of the multiplication with itsdenominator yields to the con-
stitutive equation for the actual stressσa in the spring with damage representation (figure 4,
right):

σa = (1 −D)Eε (25)
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With the damaged or degraded stiffness parameterEa, defined as

Ea := (1 −D)E , (26)

equation (25) reads

σa = Eaε ≡ Eaεa (27)

and, thus, directly leads to the equivalence of strainε ≡ εa in the effectiveε and the damaged
stateεa of the material — cf. [16].

E

ε

σ σ Ea

ε

σaσa

Figure 4: Linear elastic spring (left) and its counterpart with damage representation (right)

3.2 General discussion of strain equivalence in case of elastoviscoplasticity

Starting with the equivalence of the total strain

ε ≡ εa (28)

as usually assumed in the concept of effective stresses [16], the decomposition of the total strain
ε into elastic and (visco)-plastic fractions yields

ε = εa = εel + εvp = εa
el + εa

vp . (29)

In the case of elasto-(visco)-plasticity, the effective stressσ readsσ = Eεel and may be inserted
into the stress relation (23)1, leading to

σa = (1 −D)Eεel . (30)

Hence, with the definition of the degraded stiffness according to (26), eq. (30) states

σa = Eaεel ≡ Eaεa
el . (31)

Thus, with eq. (29), the identityεel ≡ εa
el directly results in the set of relations — see also [8]:

ε ≡ εa , εel ≡ εa
el , εvp ≡ εa

vp (32)

This means, however, if the equivalence of the total strain (28) and the stress relation (23)1

between effective and damaged state of the material as well as the definition of the degraded
stiffness, given in (26), are valid, then also the equivalence of the internal elastic and (visco)-
plastic strains according to (32) holds.

3.3 Thermoviscoplastic rheological model with damage representation

The rheological network from figure 3 is subjected to the sameprocedure as presented in
section 3.1, resulting in a similar duality for the rheological models of effective (undamaged)
and damaged state in figures 3 and 5, respectively, as previously for the elastic spring.
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Figure 5: Resulting rheological model of thermoviscoplasticity with linear hardening and damage representation

3.3.1 Stress relations and flow rule

Insertion of the effective stress (23)2 into the balance equation of stresses (12) of the thermo-
viscoplastic rheological network transfers the stress relation for the effective rheological model
/ material into

σa

1 −D
= ση + σκ0

+ σκ + σξ . (33)

Rewriting of (33) gives the equilibrium of stresses for the damaged state of the material, which
must be valid for the related rheological network with damage representation (figure 5):

σa = (1 −D) (ση + σκ0
+ σκ + σξ) (34)

Expansion of (34) using the stress relations of the corresponding basic elements (2), (3), (6)1

and (9)1 yields

σa = (1 −D) (η |ε̇vp|)
1/m d0 sgn(ε̇vp) + (1 −D) κ0 sgn(ε̇vp)

+ (1 −D)Eκε̄vp sgn(ε̇vp) + (1 −D)Eξεvp . (35)

Specifying further degraded material parameters — cf. (26)— according to

da
0 := (1 −D) d0 , κa

0 := (1 −D) κ0 , (36)

Ea
κ := (1 −D)Eκ , Ea

ξ := (1 −D)Eξ , (37)

the actual (true) stressσa of the damaged material results to:

σa =
(
(η |ε̇vp|)

1/m da
0 + κa

0 + Ea
κε̄vp

)
sgn(ε̇vp) + Ea

ξ εvp

=
(
|σa

η| + κa
0 + κa

)
sgn(ε̇vp) + ξa , (38)

where additionally in the second step the definitions for theinternal stresses of isotropic and
kinematic hardening and the absolute value of the dashpot stress in the damaged state have
been introduced as:

κa := Ea
κε̄vp = (1 −D) κ , (39)
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ξa := Ea
ξ εvp = (1 −D) ξ , (40)

|σa
η| := (η |ε̇vp|)

1/m da
0 = (1 −D) |ση| (41)

Moreover, eq. (38) is rearranged according to

σa − ξa = |σa − ξa| sgn(σa − ξa)

=
(
|σa

η| + κa
0 + κa

)
sgn(ε̇vp) (42)

and afterwards separeted into a relation for the absolute value

|σa − ξa| = |σa
η| + κa

0 + κa (43)

and one for its algebraic sign:

sgn(ε̇vp) = sgn(σa − ξa) = sgn((1 −D)(σ − ξ)) = sgn(σ − ξ) (44)

For the latter steps of (44), eqs. (23)1 and (40)2 have been used. Corresponding to the argu-
mentation in section 2, eq. (43) provides the yield functionf a for the damaged state of the
model

|σa
η| = |σa − ξa| − (κa

0 + κa) =: f a (45)

with the case distinction:

f a =

{
≤ 0 elastic domain
> 0 viscoplastic domain

(46)

Furthermore, for both variants of the yield functionf andf a the relations

f a = (1 −D)f , sgn(ε̇vp) ≡
∂f a

∂σa
≡
∂f

∂σ
(47)

are valid. Moreover, inserting the definition (41) into (45), the constitutive equation for the
absolute value of the viscoplastic strain rate|ε̇vp| results as:

|ε̇vp| =
1

η

〈
f a

da
0

〉m

=
1

η

〈
f

d0

〉m

(48)

Hence, with (44) and (48), the flow rule of the viscoplastic strainεvp finally reads

ε̇vp =
1

η

〈
f a

da
0

〉m

sgn(σa − ξa) =
1

η

〈
f

d0

〉m

sgn(σ − ξ) (49)

and, thus, turns out as identical to the effective counterpart of the undamaged state in (19).

3.3.2 Damage evolution

It remains to specify a reasonable closed form criterion or evolution equation for the internal
damage variableD, for example in one of the most simpliest cases as

D =

〈
ε̄vp − εc

εf − εc

〉nD

, (50)

in whichnD is a positive exponent,εc ≥ 0 is the critical threshold of the viscoplastic arclength
ε̄vp, where damage evolution is initialized, andεf > εc is the corresponding value at total failure,
i.e.D(ε̄vp = εf) = 1. The related evolution equation of damageḊ results as the time derivative
of (50) according to:

Ḋ =
nD

εf − εc

〈
ε̄vp − εc

εf − εc

〉nD−1

˙̄εvp (51)
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3.3.3 Free energy, equation of heat conduction and mechanical dissipation

The free energyψa of the rheological model with damage representation in figure 5 results
from the energy expression in eq. (20) by replacing the stiffness parameters by their degraded
counterparts defined in (26) and (37):

ψa = ψth + ψa
el + ψa

κ + ψa
ξ

= −
cd
2θ0

(θ − θ0)
2 +

1

2ρ
(1 −D)

(
Eε2

el + Eκε̄
2
vp + Eξε

2
vp

)
(52)

= ψ̂a(εel, ε̄vp, εvp, D, θ) (53)

Hence, in the equation of heat conduction for the actual (damaged) state of the material

cd θ̇ = −
1

ρ
Eaα θε̇el +

1

ρ
k div(grad θ) + b+ δa

M (54)

the degraded elastic stiffnessEa appears in the thermoelastic coupling term — cf. (21). The
mechanical dissipationδa

M related to the free energy (53) is calculated — [10, 3] — as

δa
M =

1

ρ
σaε̇vp −

∂ψa

∂ε̄vp

˙̄εvp −
∂ψa

∂εvp
ε̇vp −

∂ψa

∂D
Ḋ ≥ 0 (55)

= δa
vp + δa

D (56)

and must be non–negative in any case. Furthermore,δa
M may be separated into the viscoplastic

fractionδa
vp of the first three summands of (55) and the contribution caused by damage evolution

δa
D in its last term. The viscoplastic dissipation reads

δa
vp =

1

ρ
(f a + κa

0) |ε̇vp| ≥ 0 (57)

= (1 −D)δM

— cf. (22) — and is strictly semi–positive. The dissipation due to damage — also denoted as
the rate of energy release — results as

δa
D =

1

2ρ

(
Eε2

el + Eκε̄
2
vp + Eξε

2
vp

)
Ḋ (58)

and effects that the total free energy (52), stored in the model during plastic loading, is succes-
sively dissipated as heat in course of damage until failure finally occurs withD = 1. Moreover,
if a non–negative damage dissipationδa

D ≥ 0 is strictly demanded, then the internal variableD
has to grow monotonously according to (58), i.e. recovery ofdamage is not possible.

3.4 Conclusions

In the framework of the procedure presented, it turns out that a complete linear relationship
exists between the stress responses in the effective (undamaged) and the damaged (true) state
of the viscoplastic constitutive model. Furthermore, the total and the internal strains of the ef-
fective model are identical to their counterparts of the damaged state. That means, the effective
material behavior, the process of damage evolution itself and the damaged state of the model
are coupled weakly only and may be solved one after each other. Hence, the response of the
material model for the damaged state may be calculated according to the following steps:
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1. Solving the effective material response without damage evolution

2. Determination of the current damage stateD by means of the evolution equation or closed
form damage criterion, respectively, at hand

3. Update of the damaged state of the model by multiplying thetotal and internal effective
stresses with the degradation / damage factor(1 −D)

4 Material model for simultaneous hot / cold forming applications

The rheological models of figures 3 and 5, respectively, are enhanced for nonlinear hardening
with static recovery as well as thermal dependency in a largetemperature range for highly non–
isothermal applications as e.g. in the case of simultaneoushot / cold forming processes.

4.1 Model formulation for undamaged state

In the first step, the model enhancements are presented for the undamged state of the material.
For this purpose, the spring of kinematic hardening and the hardening element are redefined to
account for static recovery as well. Moreover, a novel rheological body is introduced twice
into the rheological network in order to represent the nonlinear hardening behavior — see also
[20, 3]. Furthermore, most material parameters of the modelare assumed to be functions of the
temperature and they are summarized in section 4.1.8.

4.1.1 Hardening elements with static recovery

σ Eξ, cξsi σ

ε

σ σ

ε

Eκ, cκsi

Figure 6: Elastic spring (left) and hardening element (rigth) with static recovery

Elastic spring

The stress in the spring with static recovery (figure 6, left)is defined as

σ := Eξ εξ , ε̇ξ := ε̇− ε̇ξs (59)

in which εξ is a internal variable of strain type controlled by means of the evolution equation
(59)2. Hence, the ratėεξ is driven by the total stain ratėε of the rheological component, dimin-
ished by the static recovery rateε̇ξs, which in turn must be specified by an appropriate evolution
equation

ε̇ξs := ζ(εξ, θ) (60)

as a funtion of the internal strainεξ, the temperatureθ as well as the related material parameters
cξsi . However, the static recovery rateε̇ξs has to be zero as soon as no stressσ = 0 effects in this
element, i.e.̇εξs(σ = 0) = 0 must be assured. The free energy of this modified spring results to

ψ =
1

2ρ
Eξ ε

2
ξ . (61)
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Hardening element

The hardening element with static recovery (figure 6, right)is specified in a similar manner.
Its stress relation is defined as

σ := Eκ εκ sgn(ε̇) , ε̇κ := ˙̄ε− ε̇κs (62)

with εκ as internal variable of strain type, driven by the rate of thearclengthε̄ of the strain in
this element — cf. (5), but reduced for the related recovery rate

ε̇κs := ζ(εκ, θ) , (63)

which is a function the internal strainεκ, the temperatureθ with the material parameterscκsi .
Again, ε̇κs(σ = 0) = 0 must be valid for this rheological body. Finally, its free energy reads

ψ =
1

2ρ
Eκ ε

2
κ . (64)

4.1.2 Enhancement for nonlinear hardening

The rheological model in figure 3 is enhanced for nonlinear hardening by introducing two
dissipative strain elements into the viscoplastic arrangement of the network in series connection
to both, the hardening element and the spring of kinematic hardening — see figure 8 and [3].

σ σ

ε

ci

Figure 7: Dissipative strain element with material parametersci

The dissipative strain element (figure 7) is used to limit thestrain part evolving in other ideal
bodies as the hardening elements embedded in the rheological network of figure 8. The work,
applied in this process to the dissipative strain element, is completely transfered into heat. The
stressσ in this ideal dissipation body shall not depend on its actualstrain valueε, since this
rheological component only transfers the external stressσ. However, the strain, emerging in the
dissipative strain element, is controlled solely by an evolution equation

ε̇ := ζ(ε, σ, aj, ...), (65)

which may be set up as a reasonable function of the strainε, the stressσ and further internal or
external variablesaj as well as the associated material parametersci.

4.1.3 Kinematics, internal stresses and free energy

Figure 8 presents the enhanced rheological model1 with nonlinear hardening, static recovery
as well as temperature dependent material parameters. The kinematics of the model follows
directly from the network rules of series and parallel connections as

ε = εth + εel + εvp , εvp = re + rd = ye + yd . (66)

1 An improved description of energy storage and dissipation may be realized by introducing another dissipative
strain element into the rheological model in series connection to the friction body, figure 8 — see [3].
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ε

εvpεth εel

σ σ

σξ
ye

ση

σκ

σ

σκ0

yd

rd

κ̂0(θ)

cξi

cηi

re
Êξ(θ), cξsi

Ê(θ)
α̂(θ)

cκi
Êκ(θ), cκsi

Figure 8: Enhanced rheological network of thermoelastoviscoplastic model for simultaneous hot / cold forming

The decomposition of the total stessσ in the network remains as given in (12). However, the
stresses of the basic rheological bodies slightly differ from the relations given in section 2.1 in
consequence of the modified kinematics of the network and thetemperature dependency of the
material parameters, given in section 4.1.8. The stress in the nonlinear dashpot is specified as

ση = |ση| sgn(ε̇vp) , |ση| :=
(

η̂(θ) ˙̄εvp

)1/m̂(θ)

d̂(κ, θ) (67)

The stress in the friction body reads

σκ0
:= κ̂0(θ) sgn

(
ε̇vp

)
for ε̇vp 6= 0 (68)

|σκ0
| < κ̂0(θ) for ε̇vp = 0 (69)

and the one of the hardening element results to:

σκ = Êκ(θ) εκ sgn(ṙe) = κ sgn(ṙe) for ṙe 6= 0 (70)

|σκ| < Êκ(θ) εκ = κ for ṙe = 0 (71)

The stress in the spring of kinematic hardening is given as

σξ = Êξ(θ) εξ = ξ . (72)

Note that the internal stresses of isotropic and kinematic hardeningκ andξ are defined as

κ := Êκ(θ) εκ , ξ := Êξ(θ) εξ (73)

in eqs. (70) and (72). Finally, the free energy of the rheological model is summed up from the
contributions of the basic elements according to

ψ = ψth + ψel + ψκ + ψξ

= Q̂(θ) +
1

2ρ

(

Ê(θ)ε2
el + Êκ(θ)ε

2
κ + Êξ(θ)ε

2
ξ

)

(74)

= ψ̂(εel, θ, εκ, εξ) , (75)

in which Q̂(θ) represents a general expression of the purely caloric fraction of the free energy
stored in the thermal strain element due to temperature changes only.
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C. Bröcker and A. Matzenmiller

4.1.4 Implications from mechanical dissipation

Simliar to the proceeding presented in [3], the evalution ofthe mechanical dissipationδM
provides several restriction for the evolution equationsṙd andẏd of the internal strains as well
as for the recovery rateṡεκs andε̇ξs in order to ensure the thermomechanically consistency:

sgn(ṙd) = sgn(ε̇vp) , ε̇κs ≥ 0 , (76)
sgn(ẏd) = sgn(ξ) , ε̇ξs = sgn(ξ) (77)

Moreover, the following relations result from (76)1 for the arclength of the internal strains —
see definition (5) — in the hardening body and the associated dissipative strain element:

˙̄εvp = ˙̄re + ˙̄rd , ε̄vp = r̄e + r̄d (78)

4.1.5 Yield function and flow rule

The yield functionf turns out from the balance equation of stresses in the network as

f = |σ − ξ| −
(
κ̂0(θ) + κ

)
≥ 0 (79)

with the case destinction given in eq. (17) and the corresponding flow rule reads:

ε̇vp = ˙̄εvp sgn(σ − ξ) , ˙̄εvp =
1

η̂(θ)

[〈

f

d̂(κ, θ)

〉]m̂(θ)

(80)

4.1.6 Evolution equations of hardening

Isotropic hardening

The rate of the isotropic hardening stressκ results from its defining equation (73)1 as

κ̇ = Êκ(θ) ε̇κ + Ê ′

κ(θ) εκ θ̇ , (81)

whereÊ ′

κ(θ) denotes the derivative of the stiffnessÊκ(θ) with respect to the temperatureθ. The
related internal strain ratėεκ follows from eq. (62)2 with (78)1 to

ε̇κ = ˙̄εvp − ˙̄rd − ε̇κs . (82)

Taking (76) into account, the evolution equations for the rate ṙd of the dissipative strain compo-
nent and the static recovery rateε̇κs in the hardening element are specified according to

ṙd :=

(
εκ

ε∞κ

)nκ

ε̇vp , ε̇κs := ˆ̇ε∗κs(θ)

(
εκ

ε∞κ

)nκs

, (83)

whereε∞κ denotes the saturation value of the internal strainεκ. Moreover,nκ andnκs are positive
exponents anḋ̂ε∗κs(θ) is a non–negative temperature dependent recovery parameter. Hence, with
the definition of the saturation valuêκ∞(θ) := Êκ(θ) ε

∞

κ of the isotropic hardening stressκ, its
evolution equation turns out from the previous relations similar as in [1, 19]:

κ̇ = Êκ(θ)

[(

1 −

(
κ

κ̂∞(θ)

)nκ
)

˙̄εvp − ˆ̇ε∗κs(θ)

(
κ

κ̂∞(θ)

)nκs
]

+
Ê ′

κ(θ)

Êκ(θ)
κ θ̇ (84)

The first summand in the squared brackets causes nonlinear hardening, while the second sum-
mand in brackets entails thermally activated static recovery processes. The last term finally
effects thermal softening or strength increase in consequence of temperature changes only —
cf. [7].
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Kinematic hardening

The evolution equation of the kinematic hardening stressξ is obtained in a similar procedure
as its isotropic counterpartκ before. The rate ofξ follows from (73)2 as

ξ̇ = Êξ(θ) ε̇ξ + Ê ′

ξ(θ) εξ θ̇ , ε̇ξ = ε̇vp − ẏd − ε̇ξs (85)

with the relation for the internal strain rateε̇ξ resulting from eqs. (59)2 and (66)3. The evolution
equations of the rateṡyd andε̇ξs are defined analogously as in (83) considering (77):

ẏd :=

(

|εξ|

ε∞ξ

)nξ

sgn(ξ) ˙̄εvp , ε̇ξs := ˆ̇ε∗ξs(θ)

(

|εξ|

ε∞ξ

)nξs

sgn(ξ) (86)

Hence, with the definition̂ξ∞(θ) := Êξ(θ) ε
∞

ξ of the saturation value ofξ, the evolution equa-
tion of kinematic hardening results from (85) and (86) as — cf. [1, 19]:

ξ̇ = Êξ(θ)

[

ε̇vp −

(

|ξ|

ξ̂∞(θ)

)nξ

sgn(ξ) ˙̄εvp − ˆ̇ε∗ξs(θ)

(

|ξ|

ξ̂∞(θ)

)nξs

sgn(ξ)

]

+
Ê ′

ξ(θ)

Êξ(θ)
ξ θ̇ (87)

4.1.7 Equation of heat conduction and mechanical dissipation

The equation of heat conduction is obtained — see [10, 3, 20] —for the free energy (74) as

ĉd θ̇ =
1

ρ
θ
(

∂θÊ(θ) εel − Ê(θ)α̂(θ)
)

ε̇el +
1

ρ
k̂(θ) div g + b+ δM

+
1

ρ
θ
(

∂θÊκ(θ) εκ ε̇κ + ∂θÊξ(θ) εξ ε̇ξ

)

(88)

and comprises some additional contributions compared to the former version (21) of the rheo-
logical model in section 2 due to the temperature dependent stiffness parameters. The mechan-
ical dissipationδM, related to the free energy (75) — see [10, 20, 3] —

δM =
1

ρ
σε̇vp −

∂ψ

∂εκ
ε̇κ −

∂ψ

∂εξ
ε̇ξ , (89)

results with (74), (73), (82), (83), (85)2, (86), (80) and (79) as

δM =
1

ρ

(

f + κ̂0(θ) + κ

(
κ

κ∞(θ)

)nκ

+ |ξ|

(
|ξ|

ξ∞(θ)

)nξ
)

˙̄εvp

+
1

ρ

(

κ

(
κ

κ̂∞(θ)

)nκs

ˆ̇ε∗κs(θ) + |ξ|

(

|ξ|

ξ̂∞(θ)

)nξs

ˆ̇ε∗ξs(θ)

)

≥ 0 (90)

and is larger or equal to zero in any case. The term in the first line of (90) is linear in the
absolute value of the viscoplastic strain rate˙̄εvp and, thus, represents dissipation due to plastic
deformations. Its four summands are directly related to thedissipation in the basic rheological
elements in the viscoplastic arrangement of the network in figure 8: The dashpot, the friction
body as well as both dissipative strain elements connected in series to the hardening element
and the spring of kinematic hardening. The second line of (90) is independent of̄̇εvp, i.e. its
two summands are active also during purely elastic states and dissipate the energy stored in both
hardening bodies due to the static recovery of isotropic or kinematic strength increase.
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4.1.8 Temperature dependency of mechanical material parameters

The temperature dependency of the mechanical material parameters is specified on the basis
of former material models from the literature [1, 9, 19] as

Ê(θ) := E
1

2

(

1 + tanh
(
QE(θE − θ)

))

(91)

for the elastic stiffness with{E,QE, θE} ≥ 0,

κ̂0(θ) := κ0
1

2

(

1 + tanh
(
Qκ0

(θ
nκ0

κ0
− θnκ0 )

))

(92)

for the initial yield stress with{κ0, Qκ0
, θκ0

, nκ0
} ≥ 0,

η̂(θ) := η e
Qη/θ , m̂(θ) := m0 +

m1

θ
, d̂(κ, θ) := d0 + d1

(
κ̂0(θ) + κ

)
(93)

for the functions of the nonlinear dashpot with{η,Qη, m0, m1, d0, d1} ≥ 0 as well as

Êκ(θ) :=
1

2
Eκ

(
1 + tanh

(
Qκ(θκ − θ)

))
, ˆ̇ε∗κs(θ) := ε̇∗κs e

−Qκs/θ (94)

and

Êξ(θ) :=
1

2
Eξ

(
1 + tanh

(
Qξ(θξ − θ)

))
, ˆ̇ε∗ξs(θ) := ε̇∗ξs e

−Qξs/θ (95)

for the stiffness and the recovery rate of isotropic and kinematic hardening, respectively, with
{Eκ, Qκ, θκ, ε̇

∗

κs, Qξs} ≥ 0 and{Eξ, Qξ, θξ, ε̇
∗

ξs, Qξs} ≥ 0.

The functiond̂(κ, θ) of the nonlinear dashpot element is supposed to switch between different
types of hardening behavior: For the parameter valued1 = 0, the flow rule results as the one
already given in eq. (19) of section 2, but with temperature dependent exponent̂m(θ) and
viscosity η̂(θ). However, ford0 = 0 andd1 > 0, additionally a viscous hardening results
similar as in the models in [7, 19], sincêd(κ, θ) turns out as a function of the process dependent
internal stressκ of isotropic hardening.

4.2 Enhancement of model for damage representation

The thermoviscoplastic model presented above is enhanced for damage evolution according
to the proceeding in section 3. Since the evolution of damageonly effects the actual stresses of
the model due to the degradation of the (stiffness) parameters, its kinematics remains unchanged
by damage mechanisms. Hence, the evolution equations of theinternal strainsre andye as well
as both recovery rateṡ̂ε∗κs(θ) and ˆ̇ε∗ξs(θ) of the effective material model in section 4.1 must not
be redefined in the course of the enhancements for damage representation. Rather, simply the
resulting total (and internal) effective stresse(s) have to be multiplied with the actual degradation
factor (1 − D) to obtain the current damaged state of the material model — cf. summary in
section 3.4.

4.2.1 Damage evolution

The parametersεc andεf in the evolution equation of damage (51) are replaced by the func-
tions ε̂c(ε̇, θ) ≥ 0 andε̂f(ε̇, θ) > ε̂c(ε̇, θ), which are specified for the uniaxial case on the basis
of the approach in [11] as

ε̂c(ε̇, θ) = εc0 ĝ(ε̇, θ) , ε̂f(ε̇, θ) = εf0 ĝ(ε̇, θ) (96)
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with the strain rate and temperature dependent functionĝ(ε̇, θ) given as — cf. [11]:

ĝ(ε̇, θ) =
(

1 + d4 ln(ε̇/ε̇0)
)

(1 + d5θ) (97)

Hence, the rate (51) of the internal damage variableD becomes

Ḋ =
nD

εf0 − εc0

〈
ε̄vp/ĝ(ε̇, θ) − εc0

εf0 − εc0

〉nD−1

˙̄εvp/ĝ(ε̇, θ) 〈sgn(σ)〉 , (98)

in which the last factor〈sgn(σ)〉 is introduced only to prevent damage evolution for the uniaxial
model in case of pure pressure.

4.2.2 Free energy, equation of heat conduction and mechanical dissipation

The free energy for the damaged state of the model is obtainedby replacing the stiffness
parameters of the energy expression (74) with their damagedcounterparts:

ψa(εel, θ, εκ, εξ, D) = Q̂(θ) +
1

2ρ
(1 −D)

(

Ê(θ)ε2
el + Êκ(θ)ε

2
κ + Êξ(θ)ε

2
ξ

)

(99)

The related mechanical dissipation is calculated as

δa
M =

1

ρ
σaε̇vp −

∂ψa

∂εκ
ε̇κ −

∂ψa

∂εξ
ε̇ξ −

∂ψa

∂D
Ḋ = δa

vp + δa
D . (100)

Its viscoplastic contributionδa
vp results with the definition̂κa

∞
(θ) := (1 −D)κ̂∞(θ) as well as

ξ̂a
∞

(θ) := (1 −D)ξ̂∞(θ) to

δa
vp =

1

ρ

(

f a + κ̂a
0(θ) + κa

(
κa

κa
∞

(θ)

)nκ

+ |ξa|

(
|ξa|

ξa
∞

(θ)

)nξ
)

˙̄εvp

+
1

ρ

(

κa

(
κa

κ̂a
∞

(θ)

)nκs

ˆ̇ε∗κs(θ) + |ξa|

(

|ξa|

ξ̂a
∞

(θ)

)nξs

ˆ̇ε∗ξs(θ)

)

≥ 0 (101)

= (1 −D) δM

and is related to the mechanical dissipationδM in (90) of the model formulation without damage.
Furthermore, the dissipationδa

D due to damage reads

δa
D =

1

2ρ

(

Ê(θ)ε2
el + Êκ(θ)ε

2
κ + Êξ(θ)ε

2
ξ

)

Ḋ ≥ 0 (102)

and is non–negative in any case. The equation of heat conduction for the damaged state of the
material reads

ĉd θ̇ =
1

ρ
θ
(

∂θÊ
a(θ) εel − Êa(θ)α̂(θ)

)

ε̇el +
1

ρ
k̂(θ) div g + b+ δa

M

+
1

ρ
θ
(

∂θÊ
a
κ(θ) εκ ε̇κ + ∂θÊ

a
ξ (θ) εξ ε̇ξ

)

−
1

2ρ
θ
(

∂θÊ
a(θ)ε2

el + ∂θÊ
a
κ(θ)ε

2
κ + ∂θÊ

a
ξ (θ)ε

2
ξ

)

Ḋ

︸ ︷︷ ︸

−pD

(103)

and obviously shows an additional coupling termpD, compared to the effective (undamaged)
counterpart given in (88), in consequence of damage evolution. The termpD, however, has a
positive algebraic sign in any case since the derivatives ofthe stiffness parameters with respect
to the temperatureθ are less then zero.
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5 Summary

A novel procedure is proposed to deduce the elastoviscoplastic material equations from rhe-
ological networks including the yield condition and the flowrule. Moreover, the concept of
rheological modeling is enhanced for damage representation, resulting in a linear relationship
between the constitutive equations of the material model for the effective (undamaged) and the
damaged (true) state.

Furthermore, a thermoviscoplastic material theory is formulated for highly non–isothermal
applications based on an enhanced rheological network. Themodel captures the thermal de-
pendency in the large temperature range and accounts for nonlinear isotropic and kinematic
hardening with static recovery, strain rate sensitivity and damage evolution as well as a thermo-
mechanically consistent treatment of dissipative heating.
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