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The simulation of the mechanical behaviour of structures with the finite element method is
one of the main tasks in engineering mechanics and requires both constitutive and structural
parameters. In addition to a qualified geometrical approximation of the structure with the
finite element discretization and the definition of initial and boundary conditions it is neces-
sary to select material models for the realistic description of the mechanical system at hand.
Furthermore, the material models chosen require reliable numerical data for the associated
constitutive parameters, which are usually not known for most new materials like reinforced
composites, if their properties are not listed in a databaseor if they consist of different con-
stituents. Composites usually possess unknown microstructural properties, which cannot be
assigned to typical specimen of homogeneous material distribution. Due to the imperfect
manufacturing process the mechanical behaviour of composites can significantly vary and the
associated material parameters must be determined from theoverall behaviour of the compos-
ite. Therefore, the unknown material parameters, as the essential input data for the consitutive
model for every finite element simulation, must be identifiedby solving an inverse problem
before the complete structure is analyzed.
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1 Introduction

The necessity of paramter identification arises in all different fields of engineering science.
The unknown parameters may be characteristic moduli of the underlying theory for the ma-
terial behaviour like the Young’s modulus for elasticity, the viscosity for rate dependence or
the yield point for plasticity. Due to the progress in material science the determination of
model parameters is still an active field of research. Many materials, used nowadays, are
often not listed in a database or the material’s mechanical behaviour is still not investigated
throughly due to the time lagging progress in the development of theoretical models. For
sufficiently accurate engineering applications and simulations an adequate constitutive math-
ematical formulation has to be carefully chosen or developed for the material considered. The
mechanical formulation has to describe experimentally allobserved material mechanisms like
viscoelasticity, rate-dependent plasticity or damage. The unknown material parameters, as the
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essential input data for the constitutive model of every finite element simulation, must be iden-
tified before the boundary value problem of the complete structure is solved. With increasing
complexity of the applied material model the number of its constitutive parameters usually
augments and the determination of the parameters raises to ademanding mathematical task.

The scientific literature dealing with different aspects ofthe identification of material pa-
rameters for constitutive equations is quite extensive. Anintroduction to the experimental
determination of material parameters may be found in [1] anda present overview is given by
Mahnken in [2]. Examples of use may be found in [3],[4] or [5] for different material models.

The unknown variables of the identification task may also be system parameters like mi-
crostructural stiffness properties for the flexible interface in composite materials or nodal stiff-
ness and nodal mass values of the finite element discretization for structures in the context of
the model update in vibration analysis [6],[7],[8],[9] or other specific values of systems control
theory. See [10] for the basic ideas of system identificationin control theory and [11],[12],[13]
for examples of application.

The Graduiertenkolleg (graduate college) ,,Identifikation von Werkstoff- und Systemeigen-
schaften (Identification of material and system parameters)”, sponsored by the Deutsche For-
schungsgemeinschaft (German National Science Foundation) from 1993 to 2002 at the Uni-
versity of Kassel, contributed to the progress of this field of research - for details see [14],
[15].

The paper starts with a general description of the individual steps for the identification of
material and microstructural parameters. The necessary material and microstructural models
are given, the basic numerical approach is outlined and somegeneral aspects of the validation
and verification of the results are discussed. Two typical examples demonstrate the successful
identification of the creep spectrum for the linear viscoelastic material model and the inter-
phase properties of an elastic glass fiber/epoxy resin by means of a micromechanical model.

2 Model equations and identification task

The identification procedure for material or structural parameters consists of three major steps.
Experimental investigations are fundamental for this taskand must be performed with material
specimens or the complete structure. An appropriate testing setup has to be installed in order
to provoke the material or structural response to be investigated.

In the next step appropriate model equations possessing free parameters must be developed
in order to reproduce the material or structural response experienced from the test at least qual-
itatively. A number of material modelsis available on the basis of continuum mechanics to
describe the most prominent phenomena of material behaviour encountered, like hysteresis
effects under cyclic loading, rate-dependence, or stiffness degradation etc. - see fig. 1. The
corresponding theories are classified as elasticity, plasticity, viscoelasticity and viscoplastici-
tiy according to [16] besides additional modelsof continuum damage and fracture mechanics.

Heterogeneous materials, e.g. low strength polymers reinforced by stiff glass fibers, may
show a very complicated mechanical behaviour on both the phenomenological and the mi-
crostructural level. In these cases we resort to a microstructurally based approachto the phe-
nomenological description of the overall material behaviour. By considering the material’s
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Fig. 1 Classification of material behaviour in [16]

structure on the microscopic level, it is possible to account for the local effectswithin the
individual constituents and interphases of heterogeneoussolids and to represent the overall
behaviour moreaccuratelywith the constitutive model derived. Accordingly, the constitutive
relations are set up on the specific microlevel of the material. The model equations for the
overall behaviour are formulated by means of a representative volume element (RVE) and the
phase properties in order to homogenize the local influencesdue to the heterogeneous struc-
ture of the material - see [17] [18], [19].
The unknown interphase characteristic, which is differentfrom the oneof the matrix and the
fibers, strongly depends on the material processing with additives or adhesives on the surface
of the reinforcing material component. Its parameters cannot be measured directly from tests,
but must be ratherdetermined inverselyby identifiying the interphase parameters from the
material equations of the micromechanical model and the test data from appropriate experi-
ments, as demonstrated in section 5. Knowing all necessary phase and interphase properties,
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the constitutive model of the homogenized substitute continuum provides the material equa-
tions for the finite element analysis of engineering structures. The two modeling levels of
mechanical or building parts, made of composite materials,are shown in fig. 2.
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Fig. 2 Modeling levels of structures made of composite materials

3 Parameter identification by nonlinear optimization

Only in very rare cases the material theory chosen will describe the real phenomenological
material behaviour exactly. It rather approximates the response of an idealized model based
on simplifying assumptions.Therefore, the free parametersx of the material model are de-
termined such that the model functionsM(x) approximate the test datad of the material’s
response best in the sense of some error norm|| ||, usually in the one of the least-square
method:

fLS(x) =
1

2
||M(x) − d||22 → Min. (1)

The quantityfLS(x), which has to be minimized with respect to the unknown parameter vector
x, is called the objective function.In most cases this approach rendersa nonlinear optimiza-
tion problem, the solution vector of which gives the unknownparameters.
Various numerical solution methods for optimization problems are available.One may dis-
tinguish betweenschemes with and without use of gradients of the objective function - see
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[20]. Gradient-free solution techniques comprise the well-known evolution strategy and the
simplex-method, whereas the GAUSS-NEWTON-method or the sequential quadratic program-
ming (SQP) belong to the gradient-based optimization strategies. In this work we focus on
gradient-based methods because the objective function of both identification tasks presented
can be given in explicit form between the experimental data and the unknown parameters.
The objective functions of both examples are differentiable, which is necessary for the appli-
cability of gradient-based methods. The analytical derivation of the gradient of the objective
function is an additional step within the identification algorithm which leads to a reduction of
computational cost compared to the many function evaluations of gradient-free methods like
the evolution strategy in many identification tasks.
The solution methods may also be classified into deterministic and stochastic methods. The

objective of stochastic methods is to determine a measure for the uncertainty of the calculated
parameters of the underlying model caused by scattering test data. Due to unavoidable sys-
tematic inaccuracies of loading, boundary conditions and measurement devices the recorded
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test data include errors. Therefore, the sensitivity and the confidence of the calculated param-
eters represent an important information to the user. The influence of scattering experimental
data is not the subject of this paper and the reader is referred to the corresponding literature. A
short introduction into different methods for the processing of test data may be found in [21].
The basics of the estimation theory may be found in [22] or [23]. The approximate estimation
of the confidence region and the calculation of the correlation coefficients is presented by an
example of use in [24] for an elasto-plastic material model,based on the estimation theory.
In [25] the identification of the material parameters of a viscoplastic constitutive model is
interpreted as a stochastic estimation process. The mean value and the standard deviation of
the estimated set of parameters are computed by a statistical analysis which requires a large
number of experiments. Therefore, the test data from three types of experiments at different
strain rates are completed by artifical data, generated by stochastic simulations, in order to
increase the number of input data.

The verification of the algorithm and the validation of the results is an important aspect of
every parameter identification. At first the user has to verify that the derivation of the model’s
equation is accurate as well as the numerical implementation into a computer code is free of er-
rors. Examinations of the plausibility and the applicationto simulation data should guarantee
that the algorithm solves the equations correctly. By inspecting the results of the analysis, the
user has to validate that the modeling approach is appropriate to describe the experimentally
observed behaviour sufficiently well and that the underlying model equations are the right
ones. In the context of the validation process the mechanical meaningful range of the calcu-
lated parameters should be given. By means of the limits on the experimental investigations
the user has to determine for which loading conditions and load levels the computed values for
the parameters hold. It may become necessary that the results from subsequent finite element
analysis of engineering structures must be checked for meeting the side-conditions imposed
on the identification data.

Some assessment criteria for the interpretation of the results are given in the following. In
many cases the unknown parameters represent physical or structural properties, which must
belong to a certain interval on the set of real numbers in order to be physically meaningful.
For instance, the stiffness parameters or the viscosity coefficients of any material or structure
must be non-negative. Therefore, the solution vector is subjected to additional restrictions
rendering the identification task to a constrained optimization problem.

The iterative algorithms for the solution of the constrained error functional require start-
ing values, which must be carefully selected in order to achieve convergence to the global
minimum of the error norm. Especially, if a multitude of material or microstructural param-
eters must be identified, there will always be danger that thesolution of the iterative scheme
depends on the starting vector chosen, since the numerical method may have converged to a
local minimum far above the global one. Therefore, additional informations about the order
of the unknown parameters may help to choose the initial values in the appropriate range of
magnitude at the start of the iterative solution scheme. An obvious strategy for selecting the
correct solution from various answers is to run at first a number of iterative approaches with
different starting vectors and, thereafter, show that all trials converge to the same result and
compute the values of the error norm to pick the solution vector of the lowest one.

Equally important is the analysis of the stability of the final result and the solution method.
Identification problems are often ill-posed. That means: Little changes of the experimental
data cause large changes of the solution vector for the identified parameters. The mathematical
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background of this typical characteristic of inverse problems is given in [26], [27] or [28]. An
application-oriented method for the examination of ill-posed problems is discussed in the
following section.

4 Identification of creep parameters

Besides the application of general nonlinear optimizationalgorithms, which can be employed
to most identification tasks, it may be more effective to develop a special solution scheme for
the specific identification problem at hand. Numerical techniques, tailored towards a particular
conceptual formulation, offer some advantages with respect to the stability or the choice of
starting values for the iterative solution. An example of this kind is the identification of the
viscoelastic line spectrum for a polymer from the experimental creep data, as considered in
the following.

4.1 Rheological model

The time-dependent mechanical behaviour of materials shows up in various phenomena. Stress
relaxation or creep under constant loading, decay of vibrations or strain and stress rate-
dependence are some consequences of viscoelastic materialbehaviour.
Thus, the constitutive equations, linking the stresses to the strains in the material model, are
functions of time. In the case of the infinitesimal strain theory the material behaviour of poly-
mers may be described sufficiently accurate by the theory of linear viscoelasticity. Starting
from the Boltzmann superposition principle, the constitutive equations in the linear theory
become functionals of the entireprecedingstress or strain history:

ǫ(t) =

t∫

−∞

J(t − τ)
dσ(τ)

dτ
dτ or σ(t) =

t∫

−∞

G(t − τ)
dǫ(τ)

dτ
dτ , (2)

whereσ, := dσ(τ)
dτ

andǫ, := dǫ(τ)
dτ

are the derivatives of the past stress or strain process with
respect to time.J(t) andG(t) are the viscoelastic material functions, representing thetempo-
ral behaviour of the material due to the application of a jumpin the stress or strain controlled
loading history. J(t) = ǫ(t)/σ0 is the creep function andG(t) = σ(t)/ǫ0 the relaxation
function. The quantityσ0 is the normal stress, applied as a jump to the test specimen inthe
form of the HEAVYSIDE-function. Similarly, the strainǫ0 is the magnitude of the jump in
the strain-history of the displacement controlled loadingon the material. Both kernels, the
retardation functionJ(t) as well as the relaxation functionG(t), must be determined from
the experimental data. Especially, the relaxation function is needed as the input data for the
displacement formulation of the finite element method, if a boundary value problem with a
viscoelastic material model must be analyzed in order to solve a design problem in structural
engineering. Since only creep data are frequently available from static experiments of spec-
imens under dead loading, an identification procedure is needed to determine the parameters
for the retardation function from the given test values. Afterwards the retardation function
must be interconverted into the relaxation function for example by means of the LAPLACE

transform. An appropriate retardation function will be fitted to the discrete creep data next.
A finite Dirichlet-Prony series is chosen as the characteristic material function, representing
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the linear viscoelastic behaviour in most applications well. The retardation function

JN(t) = J0 +
N∑

k=1

Jk

(

1 − e−
t

τk

)

(3)

corresponds to the generalized rheological model of KELVIN , shown in fig.4.
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Fig. 4 Generalized rheological model of KELVIN

The unknown parametersJk andτk form the discrete viscoelastic spectrum, as depicted in
fig. 5 for a typical linear viscoelastic material.Jk

�k
Fig. 5 Illustration of a discrete creep spectrum

The multipliersJk in front of the exponentials define the spectrum strengths, whereas the
quantitiesτk in the denominator of the exponent of the kernel function describe the respon-
dance times. These two parameter sets determine the time-dependent behaviour completely.
For a physically realistic material model all of these parameters must be non-negative. There-
fore, the fitting algorithm of the material function to the dataalso hasto take into account the
constraints:

J0 ≥ 0,

Jk ≥ 0, τk ≥ 0, k = 1, 2, . . . , N. (4)

4.2 Objective function of the identification task

The identification of the viscoelastic line spectrum from given experimental data requires the
solution of an inverse problem. In general, inverse problems have no unique solution, because
they are usually ill-posed according to the definitions of HADAMARD - see [29]. Therefore,
the objective of the parameter identification is not to determine the exact solution, but to find
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the optimal one, minimizing the least square functionalfLS or some other norm of the model
responseM(x) and the experimental datad, which are both vectors of dimensionM in the
discrete case.

fLS(x) =
1

2
||M(x) − d||22 → Min., M(x) ∈ R

M , x ∈ R
(2N+1), d ∈ R

M (5)

The components of the(2N + 1)-dimensional vectorx comprise the unknown material pa-
rameters

xT =

[

J0 J1 . . . JN τ1 . . . τN

]

, (6)

subjected to the constraints

xi ≥ 0, i = 1, 2, . . . , 2N + 1 . (7)

The components of the vectord contain the values of the experimental creep data atM dif-
ferent pointstj in time.

dT =

[

d(t1) d(t2) d(t3) . . . d(tM )

]

(8)

Typically, the number of data pointsM is much larger than the number of unknowns:M ≫
2N + 1.

The model responseM(x), given as a function of the unknown parametersx, may be
written at the pointstj in time, where the experimental results in eq. (8) are available:

M(x) =
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. (9)

Various solution strategies have been proposed and published in the literature for the so-
lution of the identification task in eq. (5). The authors investigated four different numerical
solution methods and presented the results in [30]. The mainfeatures of these methods are
shortly repeated in the next subsectionsand their application to the creep data, found from
the experiments of Sarabi in [42], is shown exemplarily.

4.3 Identification strategies without additional informations

The identification of the retardation spectrum without any additional information leads to a
general nonlinear optimization problem with non-negativeconstraints, which must be taken
into account by the solution method applied. The discrete least-square approach generates
a set of nonlinear normal equations. The iterative solutionscheme for the resulting system
of nonlinear equations may not converge to the global minimum of the error function for
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an arbitrarily chosen starting vector. An example of this kind of problem is the Bertsekas
optimization algorithm, a variant of the projected NEWTON method, which iteratively solves
the nonlinear optimization task in eq. (5) for a given set of appropriate starting values for the
unknown parameters.

x(k+1) = P
{

x(k) − α(k)s(k)
}

, k = 0, 1, 2, . . . (10)

P{x}i := max(0, x
(k)
i ), i = 0, 1, . . .2N + 1. (11)

The operatorP projects those parameters, which violate the constraints in eq. (7), onto the
positive range of real numbers. The vectorx(k) represents the parameters of the preceding step
or the starting vectorx(0). The parameterα(k) denotes a step-size, chosen by the Goldstein-
Armijo descent test. The descent directions(k) must be determined in each step by an iteration
matrixB and the gradient∇f(x) of eq. (5).

s(k) = B∇f(x) (12)

The matrixB should be positive definite, which is achieved by one of the following choices:

Gradient method: B = I,

NEWTON method: B = ∇2[f(x(k))]−1,

GAUSS-NEWTON method: B = [JTJ]−1 (13)

with the Jacobian

J =
d(M(x))T

dx
. (14)

In order to ensure a descent at each iteration step of the solution method, an additional condi-
tion of the Bertsekas algorithm requires that the matrix hasto be ’diagonalized’- see [31] for
further explanations.
Alternatively, the authors here developed a different solution strategy, where the identification
task is solved in three successive steps - see [32], [33]. At first a qualified tendency function is
determined to approximate the test data sufficiently well intime. Such tendency functions are
often already available for many materials. By applying theTschebyscheff-approximation to
the tendency function, the respondance times and the spectrum strengths are calculated. In the
third step the respondance times from the Tschebyscheff approach are preserved and the spec-
trum strengths are redetermined by approximating the discrete creep data withan improved
choice of the coefficientsmultiplying the exponentials of the Dirichlet–Prony series. With the
given respondance times the determination of the new spectrum strengths leads to a quadratic
optimization problem, which may be solved with Wolfe’s version of the simplex-method in
view of the non-negative constraints on the strength parameters.
Both strategies of this class of identification algorithms have the advantage ofnot requiring
assumptions on appropriate valuesfor the respondance times of the model function in advance
as it is the case for the algorithms in the following section.

4.4 Identification with additional information

The general nonlinear identification task can be reduced to aquadratic optimization problem,
if the user provides additional informations about the distribution of the respondance times
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of the spectrum. The specification of a set of suitable respondance times is a meaningful
strategy, as long asan adequate number ofrespondance times isconsidered. In this case the
experimental data can be approximated with sufficient accuracy, although the set of optimal
respondance times for the least error are in general not among the chosen ones. Usually,
more respondance times are used as necessary to approximatethe experimental data. A large
spectrum with many specified respondance times has the advantage of successfully describing
the experimental data. However, with respect to the finite element analysis of rate-dependent
boundary value problems, a small number of spectrum lines isdesirable, since each spectrum
line requires the numerical time integration of a convolution integral. For instance not more
than ten spectrum lines can be defined in many commercial finite element programs.
Based on a given set of respondance times, various numericalschemes have been developed
to determine the corresponding spectrum lines: e.g. the collocation method of Schapery [34],
the smoothness constraint approach of Clauser and Knauss [35], the multidata method of Cost
and Becker [36] or the enhanced multidata method of Bradshawand Brinson [37].
The authors applied the windowing-method of Emri and Tschoegl [38], [39], [40] as well as
two regularization techniques for the singular values besides the two schemes, outlined al-
ready above, in order to identify the viscoelastic line spectrum. However, all of these methods
require a careful selection of the respondance times in advance, in order to reduce the identi-
fication task to the solution of the linear system of normal equations, as discussed next.
On the assumption that no large differencesexistbetween the strength values of neighboring
spectrum lines, the regularization techniques, operatingon the singular values, can be used to
determine the strength valuesJk. The elastic creep complianceJ0 is computed from the first
point t = tmin in time of the experimental data. With given values for the respondance times
τk the least-square problem in eq. (5) simplifies to:

fLS(x) =
1

2
||Ax − d||22 → Min., A ∈ R

M×N , x ∈ R
N , d ∈ R

M (15)

The objective function is quadratic in the vectorx of the unknown spectrum strengths.

xT =

[

J1 J2 . . . JN

]

(16)

The vectord contains the values of the experimental data as in eq. (8). The components of the
matrix A are exponential functions of the chosen respondance timesτk and the fixed points
tj in time of the experimental data:

A =













(

1 − e
−

t1
τ1

) (

1 − e
−

t1
τ2

)

· · ·
(

1 − e
−

t1
τN

)

(

1 − e
−

t2
τ1

) (

1 − e
−

t2
τ2

)

· · ·
(

1 − e
−

t2
τN

)

...
...

. . .
...

(

1 − e−
tM
τ1

) (

1 − e−
tM
τ2

)

· · ·
(

1 − e
−

tM
τN

)













. (17)

Obviously, this least-square error functional can be solved with the Bertsekas algorithm also.
However, additional insight into the problem is given by thesingular values of the matrixA,
defined below. Therefore, the least-square expression is solved by means of the singular value
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decomposition (SVD) of the matrixA ∈ R
M×N , represented by matrix product:

A = VΣUT =

N∑

i=1

uiσiv
T

i , (18)

with the orthonormal matrices of the singular vectorsU = (u1, . . . ,uN) ∈ RN×N and
V = (v1, . . . ,vM ) ∈ RM×M . The diagonal matrixΣ = diag(σ1, . . . , σN ) comprises the
singular values. By making use of eq. (18), the solution-vector xLS of the least-square error
functional may be written as:

xLS = A† y =

r∑

i=1

vT
i d

σi

ui (19)

with r in the upper limit of the sum operator as the rank of the coefficient matrixA: r =
rank(A).

If the matrixA is invertible (r = N ), thenA† corresponds to the inverseA−1. Otherwise,
the matrixA is rank deficient (r < N ), i.e. the number of independent equations is smaller
than the number of unknowns. In this case the matrixA† stands for its pseudo-inverse.

Two characteristic features of the SVD are of interest with respect to the solution of inverse
problems [41]:Firstly, the singular valuesσi may be ordered such that they gradually decrease
to zero:

σ1 ≥ · · · ≥ σN ≥ 0 (20)

In case the matrixA is rank deficient (r < N ), all singular values right ofσr are zero,

σ1 ≥ · · · ≥ σr ≥ 0, σr+1 = σr+2 = · · · = σN = 0, (21)

and the numerical schemes, based on a straight forward inversion ofA, usually fail. If one or
more columns of the matrixA are nearly a linear combination of the other columns, the ma-
trix is numerically rank deficient. Therefore, particular large differences between successive
singular values may occur.

As a second feature of the SVD it is found that the number of sign changes in the compo-
nents (”waviness”) of the singular vectorsui andvi increases as the indexi is enlarged. The
series representation of the solution vectorxLS in (19) shows that the solution is dominated
by those singular vectors, which have many sign changes in their components, since their
corresponding singular values are small and appear in the denominator. Thus, the uncertainty
of the experimental data in the right hand side vectord is amplified, leading to instabilities
of the solution: Small deviations of the experimental data cause large changes of the solution
vector as already indicated. This observation is a consequence of ill-posed problems.

The regularization methods approach this undesired phenomenon by introducing filter fac-
torsf(σi, α) as functions of the singular valuesσi and the regularization parameterα. The
filter factors shall reduce the influence of those componentsof the SVD, which are signif-
icantly amplified by the reciprocal of the tiny singular values. The regularized least-square
solution is given by:

xα
LS =

N∑

i=1

f(σi, α)
vT

i d

σi

ui (22)
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The most common regularization technique is the truncated singular value decomposition
(TSVD),wherebythose members of the series representation in eq. (22) are neglected, whose
singular valuesσi are smaller than the regularization parameterα. Hence, an obvious filter
function is:

f(α, σi) =

{

1 for σi ≥ α

0 for σi < α
(23)

According to the idea of the Tikhonov regularization the least-square problem in eq. (15) is
replaced by its regularized counterpart

‖Ax− d‖2 + α2‖x‖2 → Min, (24)

which enforces the solution norm‖x‖2 to be small in addition to the minimization of the
residual norm‖Ax − d‖2. The regularization parameterα controls the size of the solution
norm in the weighted combination of the residual norm‖Ax − d‖2 and the solution norm
‖x‖2. A large valueα favorsa small solution norm at the cost of a large residual norm. The
resulting filter factor of the Tikhonov regularization becomes:

f(α, σi) =
σ2

i

σ2
i + α2

(25)

The choice of the optimal value for the regularization parameterα is the main difficulty in
all practical applications. The L-curve criterion of Hansen [41], illustrated in fig. 6, is used
here for assistance. Both, the logarithm of the norm of the solution vector‖x(α)‖ of eq.
(24) and the logarithm of the defect norm‖Ax(α) − yǫ‖ are displayed as functions of the
regularization parameterα along the axes of the diagram. For discrete ill-posed problems the
plot on the log-log-scale of the solution norm versus the residual norm is often L-shaped. The
optimal regularization parameter marks the point, where both, the residual and the solution
norm, are small.

less filtering

more filtering

log ||x(α)||2

log ||Ax(α) − d||2

Fig. 6 Plot of solution norm vs. residual norm for L-curve-criterion of [41]
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4.5 Comparison of results

The results of four different identification methods are presented together with the experi-
mental data of the creep response for a unidirectional composite,made of glasfiber reinforced
polyamide 66and tested by Sarabi [42]. Fig. 7 shows that all identification schemes provide
excellent approximations of the creep data in the time rangeof the experimental investigation.
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Fig. 7 Various approximations of creep data from [42] on linear time scale

The time interval of the plots for the modeldifferentfunctions,depictedin fig. 8, is extended
by an additional decadeoutsidethe range of the measured data in the logarithmic represen-
tation. The diagram obviously shows the discrepancy between the various creep response
functions beyond the last recorded data point in time, although the fit is quite good within that
interval of time, where experimental data are available.

Thus, the creep curve should be plotted for each solution of the spectrum and compared
to thoseresults, which are gainedfrom the other identification schemes. Special attention
must be given to the last data points, indicating whether thecreep process tends to its final
equilibrium stage, defined by vanishing creep rates.
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Fig. 8 Approximations of creep data from [42] on logarithmic time scale

4.6 Conclusions for spectrum identification

No additional information about the parameters prior to theidentification is required for the
straight forward solution of the nonlinear least-square functional with the optimization method
of Bertsekas and the Tschebyscheff approximation of an appropriate tendency function with
redetermination of the spectrum strengths. Both procedures treat the curve fitting problem of
the data with the chosen model function as a purely mathematical one. A disadvantage of
these methods is that the convergence of the iterative procedures becomes drastically more
difficult with an increasing number of terms in the Dirichlet–Prony series. The algorithms
converge to a ,,stable” minimum of the objective functions for up to four exponential terms.
If four or more sum terms are chosen, the starting values mustlie in the vicinity of the global
minimum of the objective function in order to achieve convergence.

The solution of the objective function with the projected NEWTON method of Bertsekas
often depends on the starting values, since the sequence of iteratively computed parameters
may converge to a local minimum. In practice the following point of view may be taken: If
different starting vectors lead to nearly the same set of solution parameters, the final result
represents at least a stable local minimum, which likely is also the global one.
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Additional information about the unknown parametersmust be providedfor the window-
ing method as well as for the regularization schemes, as the distribution of the respondance
times have to be assumed in advance. The set of spectrum linescan be reduced in the case
of a qualified estimate of the respondance times. The corresponding class of methods has the
advantageof supplyingstable results, although the identified parameters may not represent
thebest mathematicalapproximation.Though, from an engineering point of view the iden-
tified variables represent the ,,better” material parameters, since the discrete viscoelastic line
spectrum can be interpreted as an approximation of a continuous spectrum generally. Fig. 9
shows the different line spectra, foundoutwith the various identification methods for Sarabi’s
experimental creep data in [42].
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Fig. 9 Identified line spectra of the different identification methods

Although the respondance times are within the same time interval from0 < log τ < 3, the
distributions of the spectrum lines are quite different. The spectra from the methods of the
class without additional information show large differences betweenthe neighboringspectrum
lines. However, the other class of methods requires additional information, but provides a
smoother distribution of the line spectrum.

5 Identification of microstructural properties

The focus is turned next on the identification of microstructural properties for heterogeneous
materials, e.g. the stiffness properties of a flexible interphase in a fiber reinforced polymer.
The interphase, which is the spatially distributed transition zone around the interface region
from the pure filler to the pure reinforcing fiber material, ischaracterized by graded material
properties.
Numerous experimental studies in composite materials research focus on the investigation of
the interphase with respect to its influence on the mechanical performance of composite ma-
terials, e.g. [43], [44], [45] and [46]. The investigationsreveal that the interphase has its own
material properties, clearly different from those of the matrix or the fibers, due to coatings
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on the fibers or chemical treatment of the fiber surface. The interphase region significantly
influences the overall material behaviour of fiber composites as the recorded data of shear and
transverse tension tests show. Since the interphase performance depends on the manufacturing
process,its characteristics are in-situ properties, which cannot be determined directlyfrom an
experiment, performed with specimens, taken from the bulk of the interphase zone. There-
fore, the elastic properties of the interphase are identified on the basis of a micromechanical
model from the experimental data of the effective elasticity parameters of the homogeneous
substitute material.
The search for the missing interphase parameters motivatesthe development of identification
strategies, based on a micromechanical approach with the interphase region as an additional
material component with an unknown property. TheGeneralized Method of Cells(GMC),
proposed by Paley and Aboudi [47] as an analytical micromechanical approach, is used in
this paper as the model to quantify the overall effective properties of the composite with an
elastic interphase region of finite thickness. Initially, the micromechanical approach aimed
only at the determination of the effective properties for the substitute continuum of a hetero-
geneous material. However, in [33] an identification procedure is developed, where the in-situ
properties of the interphase are determined from the effective properties of the composite and
the parameters for the bulk material of the individual phases.
The inverse determination of the interphase properties from the effective material moduli re-
quires the detailed knowledge of the microscopic structureof the composite. The elastic
material parameters of the fibers and the matrix as well as thefiber volume fraction and the
fiber architecture must be known or assumed in advance. Additionally, the thickness of the
interphase region has to be given or estimated. The average properties of the homogenized
continuum are related by means of the micromechanical modelto the material parameters,
the volume fractions and the geometrical arrangement of theindividual phases. A third con-
stituent besides the ones for fibers and matrix is introducedin the cells model to account for
the interphase in the representative volume element. For a reliable study the effective moduli
of the various composite specimens must be measured in experimental testings, in order to
account for the different manufacturing influences such as the fiber surface treatment or for
additional adhesives. Finally, the model response is fittedbest to the experimental data with a
gradient-based optimization strategy, requiring the sensitivity analysis of the micromechanical
model. Withthe help ofthe results of the inverse identification for the interphaseproperties
it is possible to evaluate the mechanical effect of the various manufacturing influences on the
interphase characteristics.

5.1 Micromechanical model for composites

The description of the effective (average) behaviour for the equivalent homogeneous compar-
ison material is based on the representative volume element(RVE), whose structure should
be typical for the composite, small in comparison to the macrostructure and large with re-
spect to the microstructure. The generalized method of cells has proven to be very efficient in
representing the effective elastic and inelastic behaviour of the RVE forunidirectionallyfiber-
reinforced composite materials - see Aboudi [48]. A two-dimensional variant of it suffices as
a model for the composite with continuous fibers in thex1-direction.The RVE, analyzed with
the generalized method of cells (GMC), is given by the unit cell, depicted in fig. 10 (b). It is
subdivided intoNβ × Nγ rectangular subcells with different material properties,which are
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specified by the properties of the particular constituents.In the two-dimensional formulation

x3
x2

=N=1=2

x2
�=1 l�=2h �=N�h�

lx1 x3
Subell (�)�x2 �x1 �x3

Fig. 10 (a) Composite with double periodic array of fibers inx1-direction, (b) Representative volume
element with subcells and nomenclature

of this analytical model the composite shall consist of continuous fibers in thex1-direction,
which are arranged double periodically in thex2−x3-plane - see fig.10a. Due to this assump-
tion it is possible to identify a unit cell as a RVE, which is divided into an arbitrary number
of sub-domains, called subcells (fig. 10b) with dimensionshβ andlγ . For each subcell, sub-
scripted with the indices(βγ), a bilinear displacement field is assumed and formulated in the
local coordinate system. The material behaviour of the cells shall be either isotropic or trans-
versely isotropic. Continuity of the displacementsui in the local coordinates̄xj is required at
the interfaces between the subcells of the RVEs as well as at the boundaries between adjacent
RVEs. The local continuity conditions

u
(βγ)
i

∣
∣
∣
∣
∣
x̄
(β)
2 =

hβ
2

= u
(β̂γ)
i

∣
∣
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∣
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(β̂)
2 =

h
β̂
2

γ = 1, 2, 3, . . . , Nγ (26)
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2

β = 1, 2, 3, . . . , Nβ (27)

are relaxed and shall be satisfied only in the average along the planēx2 = const.

∫ lγ
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2
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∣
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∫ lγ
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∣
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(β̂)
2 =

h
β̂
2
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3 γ = 1, 2 (28)

The same procedure is carried out for the second continuity equation along the interfacēx3 =
const. The averaged compatibility equations can be writtenin matrix form in terms of the
phase averaged strains〈ǫs〉 and the effective strains〈ǫ〉 of the composite - see Herakovich
[49] or Paley et al. [47] for further details.

AG〈ǫs〉 = J 〈ǫ〉 . (29)

The coefficients of the matricesAG andJ result from the geometry of the subcells in the RVE.
The variable〈ǫs〉 is the column vector of the averaged unknown strain components〈ǫ(βγ)〉 in
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theNβ × Nγ-subcells:

〈ǫs〉
T := (〈ǫ(11)〉, 〈ǫ(12)〉, . . . , 〈ǫ(NβNγ)〉)T (30)

The averaged strain tensor〈ǫ(βγ)〉 in the subcell(βγ) consists of the volume averaged strain
components〈ǫ(i)ij 〉 in phase(i) filling up the cell.

〈ǫ
(βγ)

〉T := (〈ǫ11
(i)〉, 〈ǫ22

(i)〉, 〈ǫ33
(i)〉), 〈ǫ23

(i)〉, 〈ǫ13
(i)〉, 〈ǫ12

(i)〉)T (31)

The quantity〈ǫ〉 represents the averaged strain components, written in in vector notation, of
the homogenized comparison material.
The equilibrium conditions for the phase averaged stresses〈σ(βγ)〉 at the interfaces of the
subcells in the RVE

〈σ
(βγ)
j2 〉 = 〈σ

(β̂γ)
j2 〉 (32)

〈σ
(βγ)
j3 〉 = 〈σ

(βγ̂)
j3 〉 (33)

with j = 1, 2, 3; β = 1, . . . , Nβ andγ = 1, . . . , Nγ can be written in matrix form according
to Herakovich [49] or Paley et al. [47]:

AM〈ǫs〉 = 0 . (34)

The matrixAM contains only known coefficients, depending on the materialparametersC(βγ)
ijkl

of the constitutive tensor for the constituents. Eqs. (29) and (34) may be combined in the
following relationship, written for the tensors between the strains in all subcells〈ǫs〉 and the
macro strains in the composite〈ǫ〉 in Voigt notation:

Compatibility conditions

Traction continuity






AG(hβ , lγ)

AM (C
(βγ)
ijkl )






︸ ︷︷ ︸

Â

〈ǫs〉 =






J(h, l)

0






︸ ︷︷ ︸

K

〈ǫ〉 (35)

As long as the stiffness coefficientsC
(βγ)
ijkl and the geometrical dimensions of the subcells are

nonzero, the matrix̂A is non-singular. Therefore, the linear system of equations(35) can be
solved uniquely with the matrixA determined by:

A = Â−1K (36)

The matrixA comprises the elements of the fourth order concentration tensorsAAA(βγ) for all
subcells assembled in matrix formA(βγ):

A =

[

A(11) A(21) . . . . . . A(βγ)

]T

with dimensions: 6NβNγ × 6 , (37)

whereNβ andNγ are the numbers of subcells inx2- andx3-direction - see fig. 10 (b).
Finally, the matrixC∗ for the effective stiffness tensorCCC

∗ of the composite is calculated from
the matricesA(βγ) andC(βγ) of the concentration and stiffness tensors of the subcells.

C∗ =
1

hl

β=Nβ∑

β=1

γ=Nγ∑

γ=1

hβlγC
(βγ)A(βγ) (38)
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The generalized method of cells allows the modeling ofarbitrarily shaped inclusions, em-
bedded in a homogeneous matrix material. Therefore, the interphase region, comprising the
material adjacent to the bond, may by taken into account as a thin layer of subcells between
the fiber and the matrix phase.The GMC model for the example below consists of 13 by
13 subcells in total as shown in fig. 11 to approximate the microstructure of the composite.
The fiber material is surrounded by a thin interphase and embedded into the matrix mate-
rial. The isotropic material behaviour is described by the bulk and shear moduliK andG

Matrix

Interphase

Fiber

Fig. 11 RVE with interphase (dark cells) modeled by GMC

of the three phases. In order to account for the deviating interphase properties,the authors
introduced a scalarκ to relate the isotropic interphase propertiesK(i), G(i) to the isotropic
elasticity parametersK(m), G(m) of the matrix:

K(i) = κ K(m), G(i) = κ G(m) (39)

5.2 Formulation of identification task

The stiffness properties of the interphase region are foundby optimizing the objective function
fLS as before in eq. (1) of the least-square error between the data and the model response,
which evolves from the underlying micromechanical model. Now the model responseM(κ)
is a vector-valued functionf of the effective stiffness tensorC∗ as given in eq. (38). It depends
implicitly on the unknown interphase scalarκ through the elastic moduli of the cells for the
interphase zone according to eq. (39). The parameterκ plays the role of the unknownsx
in eq. (1).

M(κ) = f
(

Ĉ∗(κ)
)

(40)

Hence, the overall composite stiffness isa functionC∗ = Ĉ∗(κ) of the elastic interphase
parameterκ:

C∗ = Ĉ∗(κ) =
1

hl

β=Nβ∑

β=1

γ=Nγ∑

γ=1

hβlγĈ
(βγ)(κ) A(βγ)(κ). (41)

Due to the lack of further test data only the effective transverse material stiffness modulus
E∗

t is chosen as the key quantity for the identification of the interphase properties of the
model in this study. TheE∗

t -modulus of the composite can be expressed by means of the
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interconversion rules for the elasticity parameters in terms of the components for the linear
elastic, transverse isotropic stiffness tensorCCC

∗, derived from the phase properties by means of
the micromechanical model.

M1(κ) = E∗
t (κ)

=
{

Ĉ∗
11(κ)

[

Ĉ∗
22(κ) + Ĉ∗

23(κ)
]

− (Ĉ∗
23(κ))2

} Ĉ∗
22(κ) − Ĉ∗

23(κ)

Ĉ∗
11(κ)Ĉ∗

22(κ) − (Ĉ∗
12(κ))2

(42)

Note, the parameterκ is determined by fitting the model response best to the experimental
data, i.e. minimizing the least-square error functionalfLS in eq. (1). Therefore,potential
modeling errors or experimental uncertainties like measurement errors or geometrical imper-
fections are also assigned to this parameterκ.

5.3 Optimization algorithm

The unknown scalarκ is evaluated by solving the nonlinear optimization task with the ob-
jective function in eqs. (5) and (42) together with the non-negative constraint:κ ≥ 0.0.
The Sequential Quadratic Programming (SQP) of [50] is used here to minimize the objec-
tive function. The SQP-method is based on the idea that the given nonlinear optimization
task is replaced by a sequence of quadratic subproblems, which can be solved more easily.
This solution procedure can be applied, if the number of unknowns at hand is not too large,
the function value and the gradient can be computed sufficiently accurate, and if the model
response is ”smooth” and well-conditioned. The necessary gradient of the function can be
determined analytically, i.e. a sensitivity analysis supplies the derivatives of the objective
function with respect to the unknown parameterκ. The details are given by the authors in
[51].

5.4 Numerical results

The interphase properties are identifiedusing the experimental data of Wacker in [46] and
[52] for the transverse elasticity modulus, denoted byE⋆

t for the measured values. In addition
Wacker specifies experimentally the elastic material parameters of the fibers and the matrix
and gives the fiber volume contentc(f), the fiber radiusr(f) as well as an estimate for the range
of the interphase thicknesst(i). All values for the constituents are summarized in table 1.

Material phase Specific properties
Glass fiber (E-glass) E(f) = 77 GPa, ν(f) = 0.2, r(f)=6 µm
Epoxy resin 556/917 E(m) = 3.11 GPa, ν(m) =0.34
Interphase thickness t(i) = 0.3 - 0.7µm

Table 1 Properties for material phases of fiber-reinforced composite in [46]

The input datad for the identification task were provided by the measured valuesE⋆
t of

tension tests on composite specimens transverse to the fiberdirection for four different cases of
fiber surface treatment, distinguished by the notation: A1128, PU, EP and PE in table 2. The
measured values for the effective transverse modulusE⋆

t are listed for each material system in
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column three of the same table. The properties of the interphase region in the tests for each set
of composite specimens vary due to the different surface treatments and unavoidable material
imperfections.

Material Vol. frac. E⋆
t Interphase parameterκ

c(f)[%] [MPa] t(i) = 0.3µm t(i) = 0.4µm t(i) =0.7µm

556/917 A1128 52.0 11335 - (1.96) - (1.43) 2.55 (1.20)
39.3 7193 10.9 (0.78) 3.42 (0.823) 1.72 (0.87)

556/917 PU 43.6 8941 - (2.63) - (1.94) 4.06 (1.36)
53.1 12057 - (2.63) - (1.82) 2.85 (1.33)

556/917 EP 50.7 10269 - (1.14) 5.96 (1.07) 1.92 (0.99)
556/917 PE 46.2 7449 0.76 (0.36) 0.80 (0.42) 0.85 (0.55)

Table 2 Experimental values ofE⋆

t and identified resultsκ of interphase parameter for transverse
isotropy and in parenthesis for orthotropy

The identified results for the interphase parameterκ are noted in columns four to six of
table 2 for three different estimates of the interphase thicknesst(i) and for the two assump-
tions of transverse isotropy and orthotropic material symmetry of the composite lamina. The
summary of the results in table 2 shows that the objective function could be solved for an
assumed interphase thickness oft(i)=0.3µm only in two cases and fort(i)=0.4µm in three
cases, if transverse isotropy is supposed in the GMC-model.

For the case of an assumed interphase thicknesst(i)=0.7µm and the supposition of trans-
verse isotropic material symmetry a finite positive value for the parameterκ could be found
for all combinations of given fiber volume fraction and surface treatment - see column six of
table 2. However, if orthotropic material symmetry is assumed, the scalarκ may be identified
for all given thickness valuest(i) of the interphase as shown by the results in parenthesis of
columns four to six of table 2.

The example shows that the identification procedure works successfully, if the input data
allow the solution of eq. (5) in the context of eq. (42).However, not all investigations are
satisfactory, since for some sets of input data for the fiber-matrix-interphase system the opti-
mization problem has either no solution or the identified interphase parameterκ is not unique.
The vast differences ofκ in the case of the small interphases (0.3µm and 0.4µm) is apparent,
but due to all modeling and numerical errors, approximations and uncertainties of the material
data. For example composite materials always include undesirable voids due to inclusions of
air pores, which cause deviations of the phase properties incontrast to the material data of the
bulk specimen. The spatial discretization of the displacement fields in the micromechanical
model introduces unavoidable approximation errors. The least-square method for the compu-
tation of the parameterκ fits the model response with all its approximation errors best to the
data with their uncertainties. Thus, the optimization taskwith high sensitivities, as it is the
case for thin interphases, may cause dramatic changes of theparameterκ for small variations
of the data.
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6 Summary

The parameters for the model functions in terms of the retardation spectrum of the linear
theory of viscoelasticity and the stiffness properties of aflexible interphase in a composite
material have been identified. Different solution methods were discussed for the identification
of the discrete viscoelastic line spectrum from a set of experimental creep data. The non-
negative constraints to the unknown material parameters are taken into account as an important
aspect of the identification task.

The methods presented may be classified into two main groups.The identification algo-
rithms of the first class, the projected NEWTON method of Bertsekas and a combined ap-
proach, based on the Tschebyscheff approximation of a tendency function, require no esti-
mates of the unknown creep times. These strategies have the advantage that the user needs no
experience with the estimation of the creep times for the nonlinear identification task.

The second class of solution schemes, like the windowing method or the methods based on
the regularization of the singular values, requires an assumption about the distribution of the
respondance times. Hence, the general nonlinear identification task simplifies to a quadratic
optimization problem.

The elastic properties of the interphase region between thefiber and the matrix in unidi-
rectionally reinforced composite materials are identifiedby means of the generalized method
of cells, which allows to approximate an arbitrary geometryof the internal microstructures
closely and to determine the overall effective elastic properties of the composite. A numerical
identification approach is developed with the help of a gradient-based optimization scheme
for the inverse determination of the elastic interphase properties, which are related most sim-
ply to the matrix stiffness coefficients. The numerical example demonstrates the successful
application of the identification strategy to various sets of test data.

Although the interphase parameters are successfully identified from the experimental data
for most composites with various chemical treatment of the fiber surface, the computed results
are still not satisfying in all cases. However, the experimental effort is enormously high for
providing additional data, e.g. for the effective shear modulus and for the specification of all
necessary moduli for the phases and the fiber volume content.
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Berlin, 3. edition, 2001.
[20] J.E. Dennis and R.B. Schnabel.Numerical methods for unconstrained optimization and nonlinear

equations. SIAM, Philadelphia, 1996.
[21] V. Blobel and E. Lohrmann.Statistische und numerische Methoden der Datenanalyse. Teubner,

Stuttgart, 1. edition, 1998.
[22] J.V. Beck and K.J. Arnold.Parameter estimation in engieering and science, Wiley, New York,

1977.
[23] H. Schwetlick. Nichtlineare Parameterschätzung: Modelle, Schätzkriterien und numerische Algo-

rithmen.GAMM-Mitteilungen, 2:13–51, 1991.
[24] R. Kreißig, U. Benedix, U.-J. Görke. Statistical aspects of the identification of material parameters

for elasto-plastic models,Archive of Applied Mechanics (Ingenieur Archiv), Volume 71, Issue 2 -
3, Mar 2001, Pages 123 - 134.

[25] T. Harth, S. Schwan, J. Lehn and F.G. Kollmann. Identification of material parameters for inelastic
constitutive models: statistical analysis and design of experiments.Int. J. Plast., 20:1403–1440,
2004.

c© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



GAMM-Mitt. 30, No. 2 (2007) 505

[26] A.K. Louis. Inverse und schlecht gestellte Probleme. Teubner, Stuttgart, 1989.
[27] A.K. Louis. Numerik inverser Probleme.GAMM-Mitteilungen, 1:5–27, 1990.
[28] L. v. Wolfersdorf. Inverse und schlecht gestellte Probleme : Eine Einführung.Sitzungsberichte
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